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1. Introduction 
There exists a special class of solid media called soft media (or weakly compressible media), 
for which the inequality ǌ>>Ǎ is satisfied (ǌ and Ǎ are the Lamé coefficients) [1-6]. Such 
media with very small shear stiffness are dynamically similar to liquids to a great extent and 
exhibit strongly a “water-like” characteristic and, therefore, are also associated with the 
name of “water-like” media. The class of soft media includes many common media in the 
fields of scientific research and practical applications (e.g. soft rubbers, tissues, or 
biomimetic materials), and air bubbles are often introduced due to artificial or non-artificial 
reasons. In the presence of air bubbles in a soft medium, the bubbles will oscillate violently 
as an acoustic wave propagates in the bubbly medium. It has been proved that only if the 
ratio ǌ>>Ǎ is sufficiently large can a bubble in a solid behave like an oscillator with a large 
quality factor, otherwise oscillation will be damped within a short time comparable to its 
period [7]. This results in the fact that the acoustical property of a bubbly soft medium is 
particularly different from that of a usual solid medium containing bubbles. The strong 
scattering of acoustic waves by bubbles in soft media may lead to some significant physical 
phenomena stemming from the multiple-scattering effects, such as the localization 
phenomenon [8-11]. On the other hands, a bubbly soft medium has potential applications to 
a variety of important situations, such as the fabrication of acoustic absorbent with high 
efficiency or the clinic application of ultrasonic imaging utilizing the contrast agents [12]. 
Consequently, it is of academic as well as practical significance to make a comprehensive 
study on the acoustic waves in a bubbly soft medium.  
Attempts to theoretically investigate the bubble dynamics in a soft medium go back many 
decades [1-4]. Meyer et al have performed the early measurements of the resonance 
frequency of a bubble in rubbers [1]. The dynamical equation for arbitrarily large radial 
motion has been derived by Erigen and Suhubi in Rayleigh-Plesset form [2]. Ostrovsky has 
derived a Rayleigh-Plesset-like equation to describe the nonlinear oscillation of an 
individual bubble in a soft medium [3,4]. On the basis of the linear solution of the bubble 
dynamic equation of Ostrovsky, Liang and Cheng have theoretically investigated the 
acoustic propagation in an elastic soft medium containing a finite number of bubbles [8-11]. 
By rigorously solving the wave field using a multiple-scattering method, they have revealed 
the ubiquitous existence of the significant phenomenon of acoustic localization in such a 
class of media, and identified the “phase transition” phenomenon similar with the order-
disorder phase transition in a ferromagnet. For practical samples of bubbly soft media, 
however, the multiple-scattering method usually fails due to the extremely large number of 
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bubbles and the strong acoustical nonlinearity in such media. In such cases, a more useful 
approach is to treat the bubbly soft media as a homogeneous “effective” medium 
characterized by nonlinear effective parameters, which are remarkably influenced by many 
factors associated with bubble oscillations such as surface tension, compressibility, viscosity, 
surrounding pressure, and an encapsulating elastic shell. Emelianov et al have studied the 
influence of surrounding pressure on the nonlinear dynamics of a bubble in an 
incompressible medium [5]. Their model has then been extended by Zabolotskaya et al to 
account for the effects of surface tension, viscosity, weak compressibility, and elastic shell [6]. 
Based on the bubble dynamics model of Zabolotskaya et al, Liang et al have developed an 
effective medium method (EMM) to give description of the nonlinear sound propagation in 
bubbly soft media with these effects accurately included [12]. Compared with the viscosity of 
soft medium, the resonance of the system introduced by bubbles becomes the most dominant 
mechanism for acoustic attenuation in a bubbly soft medium which necessarily depends on 
the parameters of bubbles [13]. With the availability of obtaining the effective acoustical 
parameters of bubbly soft media, Liang et al have presented an optimization method on the 
basis of fuzzy logic and genetic algorithm to yield the optimal acoustic attenuation of such 
media by optimizing the parameters of the size distribution of bubbles [14]. 
The chapter is structured as follows: we first focus on the phenomenon of acoustic 
localization in elastic soft media containing finite numbers of bubbles in Section 2. In Section 
3, we study the phase transition in acoustic localization which helps to identify the 
phenomenon of localization in the presence of viscosity. In Section 4, we discuss the EMM to 
describe nonlinear acoustic property of bubbly soft media. Finally in Section 5, we study 
how to enhance the acoustic attenuation in soft bubbly media in an optimal manner. 
2. Acoustic localization in bubbly soft media 
In this section, we theoretically study the sound propagation in an elastic soft medium 
containing a finite number of bubbles by using a self-consistent method to reveal the 
existence of acoustic localization under proper conditions. It will be proved that the 
phenomenon of localization can be identified by properly analyzing the spatial correlation 
of wave field. 
2.1 The model 
Consider a longitudinal wave in an elastic soft medium containing air bubbles with small 
volume fraction  . We shall restrict our attention to the wave propagation at low 
frequencies, i.e., 0 1kr  . Here / lk c  and ( 2 ) /lc      are the wavenumber and 
the speed of the longitudinal wave, respectively, and   is the mass density. The wave is 
assumed to be of angular frequency   and emitted from a unit point source located at the 
origin, surrounded by N  spherical air bubbles that are randomly located at ir  in a not 
overlapping way with 1,2, ,i N    . For simplicity and without loss of generality, all the 
bubbles are assumed to be of uniform radius 0r  and randomly distributed within a spatial 
domain, which is taken as the spherical shape so as to eliminate irrelevant effects due to an 
irregular edge. Then the radius of the spherical bubble cloud is 1/30 0( / )R N r . Here the 
source is placed inside rather than outside the bubble cloud, which is the only way to isolate 
the localization effect from boundary effects and unambiguously investigate the problem of 
whether the transmitted waves can indeed be trapped [15].  
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2.2 Validation of approximation 
As the incident longitudinal wave is scattered by a bubble in soft media, the energy 
converted into shear wave can be expected negligible, on condition of sufficiently small 
shear stiffness. Next we shall present a numerical demonstration of the validation of such an 
approximation by inspecting the scattering cross section of a single bubble in soft media.  
The total scattering cross section   of a single bubble can be expressed as L S    , 
where L  and S  refer to the contributions of the scattered longitudinal and shear waves, 
respectively. Therefore it is conceivable that the ratio /L S   actually reflects the extent to 
which the mode conversion will occur as the incident longitudinal wave is scattered by the 
bubble. The value of  /L S   can be readily obtained from Eq. (19) in Ref. [16].  
A series of numerical experiments has been performed for an individual bubble in a variety 
of media, for the purpose of investigating how the energy converted into shear wave is 
affected as the media of matrix varies. Figure 2.1 presents the typical result of the 
comparison between the ratios /L S   versus frequency 0kr  for different media of matrix. 
Three particular kinds of elastic soft media are considered: Agar-gelatin, plastisol, and 
gelatin. Aluminum is also considered for comparison. The physical parameters of these 
materials are listed in Table 2.1. Note that the physical parameters of soft media 
approximate to those of water except for different values of shear moduli, which seems to be 
natural for such “waterlike” media.  
From Fig. 2.1, we find: (1) the energy of the scattered shear wave is extremely small when 
compared to that of the scattered longitudinal wave, as long as the ratios /   are 
sufficiently large. Contrarily the magnitude of the longitudinal components is nearly the 
same to the shear components in the scattered field for   comparable with  . (2) for an 
individual bubble in different soft media, the energy converted into shear wave is 
diminished as the shear modulus of the medium of matrix decreases, as expected. (3) 
moreover, the ratios /L S   are greatly enhanced in the proximity of the natural resonance 
of the individual bubbles, owing to the giant monopole resonance that is the dominant 
mode of bubble pulsation at low frequencies [17].  
 
 
Fig. 2.1 The ratio /L S   versus frequency 0kr  for a single bubble in different materials. 
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Thereby it follows that the energy converted into shear waves is insignificant as the incident 
longitudinal wave is scattered by a bubble in soft media. The shear component of the 
scattered field may thus be expected to be negligible as the longitudinal wave propagates in 
a bubbly soft medium. It should be stressed, however, that such an approximation can only 
be regard valid under the condition that the propagation of the elastic waves is not 
completely diffusive. Otherwise there will be an entirely contradicting conclusion that the 
ratio between the energy of the shear and the longitudinal wave is as large as 32( / )l sc c  
when the wave field is completely diffusive [18,19]. Here 2 /sc    is the speed of the 
shear wave. 
Such a seeming paradox may be clarified by estimating the ratio between the mean free path 
(MFP) of the wave and the linear “sample size” R  of the random medium. For a classical 
wave propagating in a random media, the transport MFP is defined as the length over 
which momentum transfer becomes uncorrelated, while the elastic MFP is the average 
distance between two successive scattering events [20].  
For an elastic wave, the following inequality has to be fulfilled to completely attain the 
diffusive regime [21]:  
1 /
lT
k l R  , 1 /
sT
l R   , 
where 
lT
l  and 
sT
l  refer to the transport MFPs of longitudinal wave and shear wave 
respectively, / sc   is the wave number of the shear wave. Otherwise the wave 
propagation will be predominantly ballistic as the ratio between the MFP and the sample 
size is large [22].  
At low frequencies from 0kr =0 to 0.1, a set of numerical experiments have been carried out 
to estimate the MFPs of the elastic waves in various bubbly soft media for all the structure 
parameters employed in the present study. The typical values of the sample size R  lie 
roughly within the range 44 10 m 0.8mR   . The results indicate that: (1) for the shear 
wave in bubbly soft media, the typical values of the transport MFP 
sT
l  and the elastic MFP 
sE
l of shear wave lie approximately within the range 3 56 10 m , 4 10 m
s sT E
l l    . For any 
particular set of structure parameters, both the transport MFP 
sT
l  and the elastic MFP 
sE
l  are 
much larger than the sample size, i.e., ,
s sE T
l l R . This manifests that the scattering of the 
low-frequency shear wave by the bubbles in a soft medium is weak and, therefore, the 
propagation of the shear wave in such a medium is ballistic rather than diffusive. (2) for the 
longitudinal wave, for most frequencies the range of the typical values of 
lT
l  and 
lE
l  are 
roughly 3 54 10 m , 3 10 m
l lT E
l l     and the relation ,
l lE T
l l R  holds for any particular set 
of structure parameters, except for a frequency range within which 61 10 m 0.8m
lT
l    
and the Ioffe-Regel criterion 1
lT
kl   is satisfied for any particular set of structure parameters 
[23]. As will be explained later, such a frequency range is in fact the region where the 
phenomenon of acoustic localization occurs. This is consistent with the conclusion regarding 
a bubbly liquid that the coherent wave dominates the transmission for most frequencies 
except for the localization region [24]. 
As a result, the condition to attain a completely diffusive wave field can not be satisfied at 
low frequencies as the longitudinal wave propagates in a bubbly soft medium. 
Consequently, the shear component of the scattered field is unimportant when compared to 
the longitudinal component, and neglect of mode conversion only leads to negligible errors. 
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The results of the numerical experiments indicate that the numerical error caused by 
neglecting mode conversion is less than 1% as long as the ratio /   is roughly larger than 
410 . In the following study, we shall assume the scattered field to be totally longitudinal 
without taking mode conversion into consideration. 
 
Materials   (kg/m3)     /   
Agar-gelatina 1000 2.25GPa 6.35KPa 4×105 
plastisolb 1000 2.55GPa 12.1KPa 2×105 
gelatinc 1000 2.25GPa 39.0KPa 5×104 
aluminum 2700 111.3GPa 37.1GPa 3 
aReference [25]. 
bReferences [4], [26], and [27]. 
cReference [6]. 
Table 2.1. The physical parameters of the materials 
2.3 The bubble dynamics 
For an individual bubble in soft elastic media, the radial pulsation driven by a plane 
longitudinal wave is described by a Rayleigh-Plesset-like equation, as follows [3,4]:  
 
22 3 2
2 20
02 3 2
2 inc
l
d U r d U d U dU
U GU q U ep
dt c dt dt dt
             
, (2.1) 
where 3 304 ( ) /3inU r r   is volume perturbation of an individual bubble with inr  being the 
instantaneous radius, incp  refers to the incident plane wave on the bubble, i.e., the driving 
force of the bubble pulsation, 2 20 1 2     is the bubble resonance frequency with 
2
1 04 / r    and 2 22 03 /a ac r   corresponding to the Meyer-Brendel-Tamm 
resonance and the Minnaert bubble resonance, respectively [8], the parameters of G , q , and 
e are given as 20(9 2 ) /2G q   , 301 /(8 )q r , 04 /e r  . Here   is a coefficient of 
asymmetry, which must lie in the range 0 1  . For a spherical bubble 1  . Up to the 
first order approximation, one obtains the harmonic solution of Eq. (2.1), as follows 
 0
2 2 3
0 0
4
,
( / ) incl
r
U p
i r c

        (2.2) 
At low frequencies, the acoustic field produced by acoustic radiation from a single bubble is 
taken to be the diverging spherical wave [6] 
 
2
2
1
( , ) ( )exp( )
4s s l
d r
p t p i t U t
r dt c
 
       
r r , (2.3) 
We assume that the bubble is the i th bubble located at ir  and express the incident plane 
wave as 
 ( , ) ( )exp( )inc incp t p i t r r ,                     (2.4) 
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Substituting Eqs. (2.2) and (2.4) in Eq. (2.3) and discarding the time factor exp( )i t , one 
obtains the scattered wave at r  from the i th bubble, denoted by ( )isp r , as follows: 
  0( ) ( ) ( )is inc i ip fp G r r r r ,                     (2.5) 
where 0( ) exp( | |)/| |i i iG ik   r r r r r r  is the usual three-dimensional Green’s function,  f  
is the scattering function of a single bubble, defined as 
 0
2 2
0 0( / 1 )
r
f
ikr    ,                          (2.6) 
Eqs. (2.5) and (2.6) clearly show that the scattered fields and scattering function of a single 
bubble in soft media take an identical form as in liquid media, except for different 
expressions of  0  (see Eqs. (2) and (2) in Ref. [24] and also Eq. (2) in Ref. [28]). Compared 
with the resonance frequency of a bubble in liquid media that includes only the Minnaert 
contribution 2 , an additional term 1  is present in Eq. (2.6), due to the contribution of 
shear wave in the solid wall of bubble. In the limiting case /   , the soft medium 
becomes a liquid medium, and Eq. (2.6) degenerates to Eq. (4) in Ref. [24] due to the 
vanishing of 1 . Despite such an agreement of the results in the form, we have to 
particularly stress that it is the radial pulsation equation of a single bubble from which the 
present theory begins, rather than the well-studied scattering function of a bubble employed 
in Ref. [24]. 
2.4 The self-consistent formalism 
Among many useful formalisms suggested for describing the acoustic scattering by a finite 
group of random scatterers, the self-consistent method is proved to be particularly effective 
[29]. This method is based on a genuine self-consistent scheme proposed first by Foldy [30] 
and reviewed in Ref. [31]. Later Ye et al employed the self-consistent method to investigate 
the wave propagation in a bubble liquid [24]. In the method, the multiple scattering of 
waves is represented by a set of coupled equations, and the rigorous results can be obtained 
by solving the equations.  In the present study, the wave propagation in a bubbly soft 
medium will be solved by using the self-consistent method in an exact manner.   
In the presence of bubbles, the radiated wave from the source is subject to multiple 
scattering by the surrounding bubbles. Hence the total acoustic wave at a spatial point r  is 
supposed to include the contributions from the wave directed from the source and the 
scattered waves from all bubbles, i.e.,  
 0
1
( ) ( ) ( )
N
i
s
i
p p p

 r r r , (2.7) 
Analogously, the incident wave upon the i th bubble should consist of the direct wave from 
the source and the scattered waves from all bubbles except for itself, i.e., [31] 
 0
1,
( ) ( ) ( )
N
j
inc i i s i
j j i
p p p
 
  r r r , (2.8) 
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At 0 1kr  , the dimension of bubbles is very small when compared to the wavelength, and 
the plane wave approximation still stands for the incident wave upon an individual bubble. 
In this situation, the dynamics of an individual bubble can be described by the radial 
pulsation equation given by Eq. (2.1). Therefore for the i th bubble, according to Eqs. (2.5) 
and (2.8), the following self-consistent equation should be satisfied: 
 
0 0
1,
( ) ( ) ( ) ( )
N
ji
s i s i i
j j i
p f p p G
 
     r r r r r ,    (2.9) 
Upon incidence, each bubble acts effectively as a secondary pulsating source. The scattered 
wave from the i th bubble is regarded as the radiated wave and is rewritten as [28]  
 0( ) ( )
i
s i ip A G r r r  (2.10) 
where the complex coefficient iA  refers to the effective strength of the secondary source. 
Substitution of Eq. (2.10) in Eq. (2.8) yields 
 
0 0
1,
( ) ( )
N
i i j j i
j j i
A f p A G
 
     r r r , (2.11) 
By setting r  in Eq. (2.10) to any bubble other than the i th, this equation becomes a set of 
closed self-consistent equations which can be expressed as  
 f A P CA , (2.12) 
where  1 2, ,..., TNA A AA ,  0 1 0 2 0( ), ( ),..., ( ) TNp p p r r rP , C  is an N N  matrix, defined as 
11 1
1
N
N NN
C C
C C
      
C

  

, 
where 0(1 ) ( )ij ij j iC fG  r r  with ij  being the Kronecker symbol. It is apparent that C  is 
symmetric according to the principle of reciprocity. One may readily obtain from Eq. (2.12)  
 1(1 )f  A C P . (2.13) 
For an arbitrary configuration of the bubble distribution, the acoustic field in any spatial 
point may thus be solved exactly from Eqs. (2.7), (2.10) and (2.13). It is obvious that the 
multiple scattering effects have been incorporated during the computation [24]. 
2.5 The spatial correlation function 
With the purpose of identifying efficiently the phenomenon of localization, we consider the 
spatial correlation that physically describes the interaction between the wave fields at 
different spatial points. For an arbitrary spatial point r , the wave field is normalized as 
0( ) ( ) / ( )T r p r p r  to eliminate the uninteresting geometrical spreading factor. Here | |r  r  is 
the distance from the source point to the spatial point, ( )p r  refers to the acoustic pressure 
averaged over the sphere of radius r , and 0( ) e xp( ) /p r ikr r  refers to the propagating 
wave radiated from the source in the absence of bubbles.  
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Fig. 2.2. Geometry for spatial correlation function of wave fields at / 2r r  and / 2r r . 
Consider the interaction between the two spatial points / 2r r  and / 2r r , as shown in 
Fig. 2.2. The spatial correlation is defined as the average over the sphere Σ  that is located at 
r  and of radius / 2 . Here | |  r  is the distance between / 2r r  and / 2r r . Note 
that the normalized wave field ( )T r  is axially symmetric about r  and depends only on  . 
The average can thus be accomplished by performing the integration with respect to  . 
Then the spatial correlation function is expressed as follows: 
 
 
2
0
2
0
2 (| 2|) (| 2|) ( / 2) sin
( 2 , 2)
4 2
1
(| 2|) (| 2|) sin
2
T T d
g
T T d


 
 


          
       


r r
r r
r r
r r
r r
r r  (2.14) 
where 2 2| 2| / 4 cosr r     r r / , and    refers to the ensemble average carried 
over random configuration of bubble clouds. 
It is apparent that the preceding definition of the spatial correlation function refers to the 
average interaction between the wave fields at every pair of spatial points for which the 
distance is   and the center of symmetry locates at r . By using Eq. (2.14) and taking the 
ensemble average over the whole bubble cloud, then, we define the total correlation 
function that is a function of the distance   so as to describe the overall correlation 
characteristics of the wave field. In respect that the normalized wave field ( )T r  is symmetric 
about the origin, the total correlation function can be obtained by merely performing the 
integration with respect to r , given as below: 
 
0
0
2
0
2
0
4 ( 2 , 2)
( )
4 ( , )
R
R
r g dr
C
r g dr


    
r r
r r
r r
. (2.15) 
2.6 Acoustic localization in bubbly elastic soft media 
A set of numerical experiments has been carried out for various bubble radii, numbers and 
volume fractions. Figure 2.3 presents the typical results of the total transmission and the 
total backscattering versus frequency 0kr  for bubbly gelatin with the parameters 200N  , 
0 1r  mm, and 310  , respectively. The total transmission is defined as 2| |I T   , and 
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the received point is located at the distance 2r R  from the source. The total backscattering 
is defined as 2| (0)|
N i
si
p  , referring to the signal received at the transmitting source.  
It is clearly suggested in Fig. 2.3(a) that there is a region of frequency slightly above the 
bubble resonance frequency, i.e., approximately between 0kr =0.017 and 0.077 in this 
particular case, in which the transmission is virtually forbidden. Within this frequencies 
range, the Ioffe-Regel criterion is satisfied and a maximal decrease of the diffusion 
coefficient D  roughly by a factor of 510  is observed and D  can thus be considered having 
a tendency to vanish, i.e., 0D  . Here the diffusion coefficient is defined as / 3
lt T
D v l  
with tv  being the transport velocity that may be estimated by using an effective medium 
method [32]. Indeed, this is the range that suggests the acoustic localization where the 
waves are considered trapped [24], confirming the conjectured existence of the phenomenon 
of localization in such a class of media. Outside this region, wave propagation remains 
extended. For the backscattering situation, the result shows that the backscattering signal 
persists for all the frequencies, and an enhancement of backscattering occurs particularly in 
the localization region. As has been suggested by Ye et al, however, the backscattering 
enhancement that appears as long as there is multiple scattering can not act as a direct 
indicator of the phenomenon of localization [28]. In the following we shall thus focus our 
attention on the transmission that helps us to identify the localization regions, rather than 
the backscattering of the propagating wave. 
 
   
Fig. 2.3. The total transmission (a) and the total backscattering (b) versus frequency 0kr  for 
bubbly gelatin. 
Since the sample size is finite, the transmission is not completely diminished in the localization 
region, as expected [24]. In this particular case, there exists a narrow dip within the localization 
region between 0kr =0.017 and 0.024, hereafter termed severe localization region, in which the 
most severe localization occurs. The waves are moderately localized between 0kr =0.024 and 
0.077, termed moderate localization region, due to fact that the finite size of sample still 
enables waves in this region to leak out [15]. We find from Fig. 2.3 that for such systems of 
internal resonances, the waves are not localized exactly at the internal resonance, rather at 
parameters slightly different from the resonance. This indicates that mere resonance does not 
promise localization, supporting the assertion of Rusek et al [33] and Alvarez et al [34].  
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To identify the phenomenon of localization by inspecting the correlation characteristics of 
the wave field in bubbly soft media, the total correlation functions are numerically studied 
for various frequencies and bubble parameters. Figure 2.4 illustrates the typical result of the 
comparison between the total correlation functions for bubbly gelatin at three particular 
frequencies chosen as below, within, and above the localization region: 0kr =0.012, 0.018, and 
0.1, referring to Fig. 2.3. Here the parameters of bubbles are identical with those used in Fig. 
2.3. Observation of Fig. 2.4 clearly reveals that the total correlation decays rapidly along the 
distance   in the case of  0kr =0.018, while the decrease of correlation with the increase of  
  is very slow in the cases of 0kr =0.012 and 0kr =0.1. Such spatial correlation behaviors may 
be understood by considering the coherent and the diffusive portions of the transmission. 
Here the coherent portion is defined as 2| |CI T   , and the diffusive portion is D CI I I  . 
Figure 2.5 plots the total transmission and the coherent portion versus frequency 0kr  for 
bubbly gelatin with the parameters used in Fig. 2.4. It is obvious that the coherent portion 
dominates the transmission for most frequencies, while the diffusive portion dominates 
within the localization region. This is in good agreement with the conclusion drawn by Ye et 
al for bubbly liquids (cf. see Fig. 1 in Ref. [24]). As a result, there exist strong correlations 
between pairs of field points even for a considerable large distance within the non-localized 
region where the wave propagation is predominantly coherent. Contrarily, within the 
localization region almost all the waves are trapped inside a spatial domain and the 
fluctuation of wave field at a spatial point fails in interacting effectively with any other point 
far from it. These results suggest that proper analysis of the spatial correlation behaviors 
may serve for a way that helps discern the phenomenon of localization in a unique manner. 
 
 
Fig. 2.4. The total correlation versus distance   for bubbly gelatin at three particular 
frequencies chosen as below, within, and above the localization region, respectively. 
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Fig. 2.5. The total transmission and the coherent portion versus frequency 0kr  for bubbly 
gelatin. 
3. Phase transition in acoustic localization in bubbly soft media 
In this section, we focus on the localization in bubbly soft medium with the effect of 
viscosity taken into account, by inspecting the oscillation phases of bubbles rather than the 
wave fields. It will be proved that the acoustic localization is in fact due to a collective 
oscillation of the bubbles known as a phenomenon of “phase transition”, which helps to 
identify phenomenon of localization in the presence of viscosity. 
3.1 The influence of viscosity on acoustic localization  
So far, we have considered the localization property in a bubbly soft medium, which is 
regarded as totally elastic for excluding the effects of absorption that may lead to ambiguity 
in data interpretation. In practical situations, however, the existence of viscosity effect may 
notably affect the propagation of acoustic waves and then the localization characteristics in a 
bubbly soft medium. Note that the practical sample of a soft medium is in general assumed 
viscoelastic [6] and the existence of viscosity inevitably causes ambiguity in differentiating 
the localization effect from the acoustic absorption which might result in the spatial decrease 
of wave fields as well [36]. In the presence of viscoelasticity, the Lamé coefficients of the soft 
medium may be rewritten as below: 
 
e v
t
      , e v t  
   ,  (3.1) 
where 
e  and e  are the elastic Lamé coefficients, v  and v  are viscosity factors given by 
Kelvin-Voigt viscoelastic model. In the following we shall assume 
v =0, as is usually done 
for a soft medium [35]. The viscosity factor 
v  may be manually adjusted in the numerical 
simulations to inspect the sensibility of the results to the absorption effects. 
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Note that the acoustic wave is a simple harmonic wave of angular frequency ω. Then the 
longitudinal wave number in the soft viscoelastic medium becomes a complex number as 
/ lk k ik c     . Here the real and the imaginary parts represent the propagation and the 
attenuation of the longitudinal wave in a soft viscoelastic medium, respectively, and lc  
refers to the effective speed of the wave. For the acoustic wave that propagates in a soft 
viscoelastic medium permeated with bubbles, the influence of the viscosity effect may be 
ascribed to two aspects: (1) the propagation of the acoustic wave in a soft viscoelastic 
medium should be described by a series of complex parameters instead of the 
corresponding real parameters (i.e., k k  , l lc c  , etc.) to account for the absorption 
effects; (2) the dynamical behavior of an individual bubble will be greatly affected by the 
friction damping of pulsation that results from the viscoelastic solid wall. The incorporation 
of the effect of acoustic absorption due to viscosity effects amounts to adding a term 
/dU dt   in the dynamical equation of a single bubble in a soft elastic medium [8]. Here 
2
04 /( )v r    is a coefficient characterizing the effect of acoustic absorption. By seeking the 
linear solution of the modified dynamical equation in a same manner as in Section 2.3, one 
may derive the scattering function f  of a single bubble in a soft viscoelastic medium, as 
follows: 
 0
2 2
0 0( / 1 / / )l
r
f
i r c i        , (3.2) 
where ω0 refers to the resonance frequency of an individual bubble in a soft medium. On 
condition that the soft medium is totally elastic, the expression of the scatter function f 
degenerates to Eq. (2.6) due to the vanishing of the term /i  . In such a case, the acoustic 
field in any spatial point can thus be solved exactly in a same manner as in Section 2.4.  
By rewriting the complex coefficient 
iA  in Eq. (2.10) as exp( )i i iA A i  with the modulus 
and the phase physically represent the strength of secondary source and the oscillation 
phase, respectively. For the ith bubble, it is convenient to assign a two-dimensional unit 
phase vector, ˆ ˆcos sini i ix y  u  to the oscillation phase of the bubble with xˆ  and yˆ  
being the unit vectors in the x and y directions, respectively. The phase of emitting source is 
set to be zero. Thereby the oscillation phase of every bubble is mapped to a two-dimensional 
plane via the introduction of the phase vectors and may be easily observed in the numerical 
simulations by plotting the phase vectors in a phase diagram.  
In actual experiments, it is the variability of signal that is often easier to analysis [36]. Hence 
the behavior of the phases of the oscillating bubbles may be readily studied by inspecting 
the fluctuation of the oscillation phase of bubbles is investigated as well. Here the 
fluctuation of the phase of bubbles is defined as follows [36]:  
2
2 2
i
i 1
1δ
N
N
  

     , 
where i
i 1
1 N
N
 

   is the averaged phase. 
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3.2 Localization and phase transition in bubbly soft media 
Figure 3.1 displays the typical results of the phase diagrams for a bubbly gelatin at different 
driving frequencies, with the values of viscosity factors manually adjusted to study the 
influence of the effect of acoustic absorption. Three particular frequencies are employed (See 
Fig. 2.3): ωr0/cl =0.01 (Fig. 3.1(a), below the localization region), ωr0/cl =0.1 (Fig. 3.1(b), above 
the localization region), and ωr0/cl =0.02 (Figs. 3.1(c) and (d), within the localization region). 
In a phase diagram, each circle and the corresponding arrow refer to the three-dimensional 
position and the phase vector of an individual bubble, respectively. In Figs. 3.1(a-c) we 
choose the viscosity factor as v =0, i.e., the soft medium that serves as the host medium is 
assumed totally elastic; while in Fig. 3.1(d) the value of viscosity factor is set to be v = 50P 
(1P=0.1Pa·s). For a comparison we also examine the spatial distribution of the wave fields 
and plot the transmissions as a function of the distance from the source in Fig. 3. 2 in cases 
corresponding to Fig. 3.1. Note that the energy flow of an acoustic wave is conventionally 
2
i~ p J . This mathematical relationship reveals the fact that the gradient of oscillation 
phases of bubbles is crucial for the occurrence of localization. Apparently, when the 
oscillation phases of different bubbles exhibit a coherent behavior (i.e. 
i  is a constant) while 
p  is nonzero, the acoustic energy flow will stop and the acoustic wave will thereby be 
localized within a spatial domain [36]. Moreover, such coherence in oscillation phases of 
bubbles is a unique feature of the phenomenon of localization that results from the multiple 
scattering of waves, but lacks when other mechanism such as absorption effect dominates, 
as will be discussed later. Consequently, it should be promising to effectively identify the 
localization phenomenon by giving analysis to the oscillation phases of bubbles and seeking 
their ordering behaviors. 
It is apparent in Figs. 3.1(a) and (b) that the phase vectors pertinent to different bubbles 
point to various directions as the driving frequency of the source lies outside the localization 
region. In other words, the oscillation phases of the bubbles located at different positions in 
a bubbly soft medium are random in non-localized states. Correspondingly, the curves 1 
(thin solid line) and 2 (thin dashed line) in Fig. 3.2 shows that the non-localized waves 
remain extended and can propagate through the bubble cloud. As observed in Fig. 3.1(c), 
however, the phase vectors located at different spatial positions point to the same direction 
when localization occurs, which indicates that the oscillation phases of all bubbles remain 
constant and the energy flow of the wave stops. The transition from the non-localized state 
to the localized state of the wave can be interpreted as a kind of “phase transition”, which is 
characterized by the unusual phenomenon that all the bubbles pulsate collectively to 
efficiently prohibit the acoustic wave from propagating [10]. Such a concept of phase 
transition is physically consistent with the order-disorder phase transition in a ferromagnet 
[37]. Note that the phase of emitting source is assumed to be zero in the numerical 
simulations, i.e., the phase vector at the source points to positive xˆ  direction, while all the 
phase vectors in Fig. 3.1(c) point to the negative xˆ -axis. This means that as the localization 
occurs, almost all bubbles tend to oscillate completely in phase but exactly out of phase with 
the source, which leads to the fact that the localized acoustic energies are trapped within a 
small spatial domain adjacent to the source as shown by the curve 3 (thick solid line) in Fig. 
3.2. These numerical results are consistent with the previous conclusions obtained for 
bubbly water and bubbly soft elastic media [10,36]. Therefore it is reasonable to conclude 
that such a phenomenon of phase transition is the intrinsic physical mechanism from which 
the acoustic localization stems. 
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Fig. 3.1. The phase diagrams for the oscillating bubbles in a bubbly gelatin with different 
structural parameters: (a) ωr0/cl =0.01, Ǎv=0; (b) ωr0/cl =0.1, Ǎv=0; (c) ωr0/cl =0.02, Ǎv=0; (d) 
ωr0/cl =0.02, Ǎv=50P.  
 
 
Fig. 3.2. Transmissions versus the distance from the source in a bubbly gelatin with different 
structural parameters. 
Note that the effect of acoustic absorption has been completely excluded in Figs. 3.1(a-c) 
which may cause ambiguity in identifying the phenomenon of localization. It is thus of 
much more practical significance to investigate the localization properties in the case where 
soft medium is assumed viscoelastic, and the corresponding results are shown in the phase 
diagram given by Fig. 3.1 (d) as well as the comparison between transmissions versus r in 
Fig. 3.2. As the viscosity factors of the soft medium are manually increased, the phenomena 
of phase transition can be identified in a bubbly soft viscoelastic medium provided that the 
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driving frequency of acoustic wave falls within the localization region. Meanwhile, 
exponential decay of the wave fields with respect to the distance from the source is shown 
by the curve 4 (thick dashed line) in Fig. 3.2. Observation of Fig. 3.1(d) and Fig. 3.2 
apparently manifests that, however, the adjustment of the values of the viscosity factors 
leads to changes of the direction to which all the phase vectors point collectively varies and 
the decay rates of the transmissions versus r. 
For a bubbly soft viscoelastic medium, it is still possible to achieve the acoustic localization 
since the condition can be satisfied that the oscillation phases of bubbles at any spatial 
points remain constant, but the extents of localization are necessarily affected by the 
presence of viscosity effect. It is thus difficult to differentiate the phenomenon of acoustic 
localization from that of the acoustic absorption without referring to the analysis of the 
behavior of the phases of bubbles [11]. Notice that in Fig. 3.1, as the viscosity factors are 
gradually enhanced, the angles between the directions of the phase vectors and the negative 
x-axis increase. This means that the phase-opposition states between the oscillations of all 
the bubbles and the source as well as the extents to which the acoustic wave is localized are 
weaken due to the enhancement of the viscosity. Therefore it may be inferred that the 
occurrence of phase transition in a bubble soft medium is a criterion for identifying the 
phenomenon of localization, while the localization extents can be predicted by accurately 
analyzing the relationship between the oscillation phases of the bubbles and the source. 
It is convenient to employ a phase diagram method for observing the collective phase 
properties of the bubbles and thereby seeking the existence of the phenomenon of phase 
transition, however the values of the oscillation phase of each bubble could not be directly 
read via the phase diagrams in a precise manner. We then illustrate the statistical properties 
of the parameters of   for all the bubbles in Fig. 3.3 for a more explicit observation of the 
values of oscillation phases of the bubbles. Here   denotes the ensemble average over 
random configurations of bubble clouds, ( )p   is defined as the probability that the values 
of   fall between   and    , i.e.,        , with   referring to the difference 
between the two neighbor discrete values of  . And the values of ( )p   have been 
normalized such that the total probability equals 1. In Fig. 3.3 three particular values of 
viscosity factors are considered: v = 0 (curve 3, thick solid line), 50P (curve 4, thick dashed 
line), 200P (curve 5, thick dotted line). It is obvious in Fig. 3.3 that: (1) Outside the 
localization region, as shown by the thin curves 1 (solid line) and 2 (dashed line), the values 
of oscillation phases   exhibit large extents of randomnesses, which indicates a lack of the 
above-mentioned collective behavior of the bubble oscillation crucial for the existence of 
localization, in accordance with the results shown in Figs. 3.1(a) and (b). (2) When the 
phenomenon of localization occurs, the oscillation phases almost remain constant for 
bubbles located at different spatial points, which is illustrated by the delta-function shapes 
of the thick curves 3-5. It is also noteworthy that the oscillation phase of each bubble 
approximates -  in an elastic medium, and that the presence of the viscosity effect does not 
change such a phenomenon of phase transition but leads to a larger average value of 
oscillation phases  . A monotonic increase of the values of the oscillation phases of 
bubbles is clearly observed as the viscosity factors are gradually enhanced. In the soft 
medium with viscosity factor v =50P, the values of   nearly equal -0.45  for all the 
bubbles, and   approximate -0.15  for the case of v =200P.  
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Fig. 3.3. The comparison between the statistical behaviors of the oscillation phases of 
bubbles in a bubbly gelatin with different structural parameters. 
The principal influence of the viscosity effect on the localization property in a bubbly soft 
medium attributes intrinsically to two aspects of physical mechanism. The localization 
phenomenon in inhomogeneities had been extensively proved to stem from the important 
multiple scattering processes between scatterers. In a viscoelastic medium the recursive 
process of multiple scattering could not be well established due to the effect of acoustic 
absorption caused by the viscosity, which necessarily impairs the extent to which the 
acoustic wave can be localized. For an individual bubble pulsating in a viscoelastic medium, 
on the other hand, the oscillation will be hindered by the friction damping caused by the 
viscoelastic solid wall. While the bubble in an elastic soft medium can behave like a high 
quality factor oscillator [2], the increase of viscosity factors will definitely reduce the quality 
factor that is defined as Q=ω/υ and then the strength of the resonance response of bubble to 
the incident wave. This prevents the bubbles from becoming effective acoustic scatterers, 
which is crucial for the localization to take place [24]. As a result, it is perceivable that the 
increase of the viscosity effects diminishes the extent to which all bubbles pulsate out of 
phase with the source, and a complete prohibition of acoustic wave could not be attained.  
Figure 3.4 displays the fluctuations of the oscillation phases of bubbles δθ as a function of 
the normalized frequency ωr0/cl in a bubbly gelatin for four particular values of viscosity 
factors: v =0, 5P, 50P and 500P. Note also that the fluctuations of the phases approaches 
zero at the zero frequency limit due to the negligibility of the scattering effect of bubbles. 
The phenomena of phase transitions can be clearly observed characterized by significant 
reductions of the fluctuations within particular ranges of frequencies whose locations are in 
good agreement with the corresponding frequency regions where the localization occurs. 
This is consistent with the previous results obtained for bubbly water. Moreover, it is 
apparently seen that the amounts to which the fluctuations δθ decrease can act as reflections 
of the extents of the acoustic localizations. In a bubbly viscoelastic soft medium, such a 
phenomenon of phase transition persists within the localization region, while the increase of 
the value of viscosity factor leads to a weaker reduction of the fluctuation of phases. In the 
particular case where the viscosity effects are extremely strong, i.e., v =500P, the 
localization is absent due to the fact that the effects of multiple scattering and the bubble 
resonance are severely destroyed, and the phenomenon of phase transition could not be 
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identified. The comparison of Figs. 3.1-3.4 proved that the phenomenon of phase transition 
is a valid criterion of the existence of acoustic localization in such a medium, and the values 
of the oscillation phases of the bubbles help to determine the extent to which the acoustic 
waves are localized. Consequently it is fair to conclude that the proper analysis of the 
oscillation phases of bubbles can indeed act as an efficient approach to identify the 
phenomenon of acoustic localization in the practical samples of bubbly soft media for which 
the viscosity effects are generally nontrivial. The important phenomenon of phase transition 
is an effective criterion to determine the existence of localization, while the extent to which 
the acoustic wave is localized may be estimated by inspecting the values of the oscillation 
phases or the reduction amount of the phase fluctuation.  
 
 
Fig. 3.4. The comparison between the fluctuations of the oscillation phases of bubbles versus 
frequency in a bubbly gelatin with different values of viscosity factors. 
4. Effective medium method for sound propagation in bubbly soft media 
In this section, we discuss the nonlinear acoustic property of soft media containing air 
bubbles and develop an EMM to describe the strong acoustic nonlinearity of such media 
with the effects of weak compressibility, viscosity, surrounding pressure, surface tension, 
and encapsulating shells incorporated. The advantages as well as limitations of the EMM are 
also briefly discussed. 
4.1 Bubble dynamics 
Consider an encapsulated gas bubble surrounded by a soft viscoelastic medium. When in 
equilibrium, the gas pressure in the bubble is denoted gP , and the pressure infinitely far 
away is P . For the case where the equilibrium pressure equals the surrounding pressure 
(i.e. gP P ), the shear stress is uniform throughout the soft medium. Such a case is referred 
to as an initially unstressed state, for which the equilibrium values of the inner and outer 
radius of the bubble are designated 0R  and 0sR , respectively. In the general case, however, 
the encapsulated bubble may be pressurized, such that gP P . Such a case is denoted as a 
prestressed case due to the fact that a nonuniform shear stress is generated inside the 
medium to balance the pressure difference. For a prestressed cases we define the 
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equilibrium values of the inner and outer radius as 1R  and 1sR , respectively. The geometry 
is shown in Fig. 4.1. Figure 4.1(a) shows an unstressed case where one has 0R = 1R  and 
0sR = 1sR . In the cases where gP < P , however, it is apparently that the pressure difference 
between gP  and P  will force the bubble to shrink, and one thus has 0R > 1R  and 0sR > 1sR , 
as illustrated in Fig. 4.1(b). In contrast, one has 0R < 1R  and 0sR < 1sR  if gP P . As the 
bubble oscillates, the instantaneous values of the inner and outer radius are defined as ( )R t  
and ( )sR t , respectively.  
 
 
Fig. 4.1. Geometry of an encapsulated gas bubble in a soft medium in (a) an initially 
unstressed state and (b) a prestressed state. 
Zabolotskaya et al [6] has studied the nonlinear dynamics in the form of a Rayleigh-Plesset-
like equation for an individual bubble in such a model, and provided the approaches to 
include the effects of compressibility, surface tension, viscosity, and an encapsulating shell. 
Note that Eq. (53) in Ref. [6] accounts for the effects of surface tension, viscosity, and shell 
but applies only to the case of an incompressible medium. Adding the compressibility term 
3 3( / ) / md w dt c  that accounts for the radiation damping to the left hand side of this equation, 
one readily obtain the equation that describes the nonlinear oscillation of a single bubble in 
a soft medium, as follows: 
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3 3
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2
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( ) 1 ,
g
m m
g m
e s m
s s s
d R dR d w R
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dt dt c dt R
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R R R dt R R


   

            
               
 (4.1) 
In the preceding expression, the parameter w is defined as 3 / 3w R , 
2 / 2 /g m sP R R     is the effective pressure due to the surface tension with g  and m  
being the surface tensions at the inner gas-shell interface and the outer shell-medium 
interface, respectively, and   is the dissipation function that is found to be 
2 3 3 3 38 ( / ) (1 / ) /s s m sR dR dt R R R R         with s  and m  being the shear viscosity 
coefficients in the shell region and in the medium, respectively, the parameters of ( )F R  and 
( )G R  are given as  
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with s  and m  are the mass densities of the shell and the surrounding medium, 
respectively, and ( )eP R  refers to the effective pressure due to the strain energy stored in 
shear deformation of both the shell and the medium, defined as [6] 
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 
     (4.2) 
where 1 2 3( , , )I I I   refers to the strain energy density with 1I , 2I , 3I  being the principal 
invariants of Green’s deformation tensor, r  and r  refer to the Eulerian and the Lagrangian 
coordinates, respectively, the subscripts s and m refer to the shell and for the surrounding 
medium, respectively. 
For the convenience of the following investigation, we will evaluate Eq. (4.1) here in the 
quadratic approximation by rewriting it into another form for the perturbation in bubble 
volume defined as 3 314 ( ) / 3U R R  . For a soft medium Mooney’s constitutive relation 
[38] is the most widely used model equation and has been adopted by many previous 
studies regarding the nonlinear dynamics of a bubble in such a medium [3-6]. For facilitating 
the comparison with the previous studies, therefore, we employ Mooney’s relation to 
evaluate the effective pressure ( )eP R , as follows:  
  1 2(1 )( 3) (1 )( 3) 4 , ,p p I I p s m           (4.3) 
where p  is the shear modulus. 
Substituting Eq. (4.3) into Eq. (4.2) and expanding ( )eP R  to quadratic order, one may derive 
an analytical approximation of ( )eP R , as follows: 
2
1 1 1 1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) / 2e e e e eP R P P P P             , 
where 0/R R  , 1 1 0/R R  , the primes represent derivatives with respect to  , and the 
parameters of ( )eP  , ( )eP  , and ( )eP   are given as below: 
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where 0 /x R r  , 0 /y R r , 0 0/ sa R R . 
Substituting Eq. (4.4) into Eq. (4.1), one obtains the expansion of Eq. (4.1) to quadratic order 
in U , as follows: 
 
2 3
2 21
1 1 1 22 3
1
2 2
1 12
2 ,
m
A
d U dU R d U dU
U G U U
dt dt F c dt dt
dU d U
H U e P
dt dt
      
         
 (4.5) 
where 0( )AP t P P   is the applied acoustic pressure with 0P  being the pressure at infinity 
in the absence of sound, 2 2 21 g e        is the nature frequency of bubble for which the 
components are given as   
2
13g gP D  , 2 1 1 1( )e eP D   , 2 1 41 12 ( )g m RD R     , 
  is the ratio of specific heats which is chosen as  =1.4 since the we only consider air 
bubbles in the present study, 1  and 2  are the viscous damping coefficients at linear and 
quadratic order, respectively, defined as  
 3 31 14 1s R m RD         ,  6 62 1 124 1s R m Rq D         , 
1G  is the nonlinearity coefficient associated with gas compressibility, elasticity, and surface 
tension that is defined as  
 2 2 2 31 1 11 1 4
1 11
( ) 8
3( 1) 2 4 1
( )
e m
g e R
m se
P R
G q
F RP

      
              
, 
and the parameters of 1F , 1H , 1e , 1q ,  , R  and 1D  are given as follows 
 1 (1 ) RF       , 1 41 1 1 (1 )H q F           , 31 1 14e D R , 31 11 /(8 )q R , /s m   , 
1 1/R sR R  , 21 1 11 /( )mD F R . 
4.2 Effective medium method 
4.2.1 Effective medium 
We now study the propagation of a plane acoustic wave in an infinite soft medium 
containing random encapsulated bubbles, subject to the condition that the volume content 
of the bubbles is small but the number of bubbles on a scale of wavelength order is large. 
Then it can be proved that the multiple scattering effects are negligible [39] and the 
homogeneous approximation well known for liquid containing bubbles can be employed 
[3]. Consider a small volume element of the medium of length idx  in the ix  direction in the 
Cartesian coordinate (i=1, 2, 3) that is sufficiently large to include a number of bubbles. In 
the present study, we shall focus our attention on the cases where the amplitude of wave is 
small, for the purpose of investigating the strong physical nonlinearity of such a class of 
media [3,4]. Then the dynamic nonlinearity is negligible that dominates only on condition 
that the amplitude of wave is finite. According to the stress-strain relationship and 
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neglecting the contribution of the gas inside the bubbles, the stress tensor may be expressed 
as (see Ref. [7], pp. 10)  
 (1 ) 2 ( / 3)
ll ll
s s s s
ik ik ik ikKu u u          , (4.6) 
where sik  and iksu are the stress tensor and the strain tensor of the solid phase,   is the total 
volume fraction of the bubbles, 2 / 3K     is the bulk modulus, ik  refers to the 
Kronecker delta which is defined as 
1,
0,ik
i k
i k
    . 
On the other hand, the volume element of the bubbly soft medium may be regarded as a 
volume element of “effective” medium that is homogeneous and is described by effective 
acoustical parameters. The stress tensor of the effective medium may be given as below:  
 2 ( / 3)ik ll ik ik ik llKu u u          , (4.7) 
where ik  and iku  are the stress tensor and the strain tensor of the effective medium, 
respectively, 2 / 3K       is the effective bulk modulus with   and   being the effective 
Lamé coefficients of the effective medium. 
4.2.2 Influence of bubble oscillation 
As the acoustic wave propagates in the bubbly medium, the volume of the bubbles will 
change due to the oscillation of the bubbles driven by the acoustic wave. As a result, the 
variation of the volume element includes the compression of the elastic phase and the 
variation of the total volume of the bubbles. Then one has 
 (1 )s tV     , (4.8) 
where 11 22 33u u u        and 11 22 33s s s su u u     are the volume changes of the effective 
medium and the elastic phase, respectively, tV  is the variation of the specific volume of 
bubbles.  
As the bubble distorts under the action of the shear deformation, the principal radii of 
curvature of the surface will change. This will certainly change the effect of surface tension 
and then the bubble volume. In the present study, however, the bubbles are assumed 
spherical, and such an effect is then negligible that does not change the nature of the bubble 
dynamics. Then it is fair to assume approximately that the pure shear deformation of the 
volume element will not affected by the existence of bubbles. Then one has  
 , .s sik ik ik iku u i k     (4.9) 
Substituting Eq. (4.9) into Eqs. (4.6) and (4.7) yields (1 )    . 
From Eqs. (4.6) and (4.7) one readily obtains  
 11 22 33 3(1 )( 2 / 3)
s s s s           , (4.10a) 
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 11 22 33 3( 2 / 3)              (4.10b) 
Under the action of an applied force, the element of effective medium is defined to produce 
the same stress as the element of the bubbly medium. Hence one has 
 11 22 33 11 22 33
s s s             (4.11) 
Substituting Eqs. (4.8-4.10) into Eqs. (4.6) and (4.7) yields (for   ) 
 11 11( )
s s
tC C V    (4.12) 
where 11 2C    , 11 2C       are the elastic modulus of the soft medium and the 
effective medium, respectively. 
For the purpose of solving the unknown quantity tV , it is necessary to obtain the variation 
of the volume of an individual bubble U  which is described by the equation for the 
oscillation of a bubble given by Eq. (4.5). In Eq. (4.5), the acoustic pressure AP  accounts for 
the driving force of the oscillation of the bubble. Due to the fact the shear wave does not 
change the volume of the bubble, the driving force of the bubble oscillation is not affected by 
the shear wave but determined by the total radial force exerted by the incident wave [3]. 
According to Eq. (17) in Ref. [3] one has  
 
2 / 3
2A
P
    
   , (4.13) 
where 11    is the pressure generated by the incident wave. 
Substituting Eq. (4.13) into Eq. (4.5) yields 
 
2 3
2 21
1 1 1 22 3
1
2 2
1 12
2 ,
m
d U dU R d U dU
U G U U
dt dt F c dt dt
dU d U
H U e
dt dt
  

    
         
 (4.14) 
Owing to the fact that Eq. (4.14) is nonlinear only to second order, a potential solution has 
the form 
 1 2exp( ) exp( 2 ) . .U U i t U i t c c    , (4.15a) 
 1 2( )exp( ) ( )exp( 2 ) . .i t i t c c      r r , (4.15b) 
where 1  and 2  refer to the linear and the nonlinear waves, respectively, 1U  and 2U  refer 
to the amplitude of the linear pulsation and the nonlinear response, respectively, r  refers to 
the three-dimensional space coordinate position of the field point that may be expressed in 
the Cartesian coordinate as 1 2 3
ˆˆ ˆx i x j x k  r . 
Substituting Eq. (4.15) into Eq. (14) and assuming that 1 21 U U   yield  
 1 1 1U g  , 22 2 2 1U g     , (4.16) 
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where 
1
1 2 2 3
1 1 1( ) ( / )m
e
g
i R c        , 
1
2 2 2 3
1 1 1( 4 ) (2 8 / )m
e
g
i R c        , 
2
2 1 1 2
1 2 2 3
1 1 1
( 3 )
( 4 ) (2 8 / )m
G H i
g
i R c
 
   
      , 
Expanding the displacement vector u , up to second order approximation, as  
1 2( )exp( ) ( )exp( 2 ) . .i t i t c c   u u r u r , 
one obtains  
 (1)1 11 1C   u , (2)2 11 2C   u  (4.17) 
If the size distribution function of the bubbles is specified as 0( )n R  (so that 0 0( )n R dR  is the 
number of bubbles with radii from 0R  to 0 0R dR  in unit volume), the variation of the 
specific volume of the bubbles tV  is related to the volume variation of an individual bubble 
U  by the relationship 
 0 0( )tV Un R dR  ,  (4.18) 
Expanding tV  to second order approximation as  
 1 2exp( ) exp( 2 ) . .tV V i t V i t c c    , (4.19) 
one obtains from Eqs. (4.16-4.19) 
 (1)1 1 11 1gV V C  u ,  2(2) (1)2 2 11 2 11 1gV V C V C     u u   (4.20) 
where 
1 1 0 0( )gV g n R dR  , 2 2 0 0( )gV g n R dR  , and 0 0( )V n R dR   . 
If all the bubbles are of the uniform radius 0R , tV  is related to U  by the relationship 
tV NU with 3 103 (4 )N R    being the number of bubbles in unit volume. In such cases 
one has  
1 1gV Ng , 2 2gV Ng , V N   . 
Expressing the volume change of the solid phase as s   u , one may rewrite Eq. (4.12) as 
follows: 
 (1)11 1 11 1 1( )C C V     u u , (2)11 2 11 2 2( )C C V     u u . (4.21) 
4.2.3 The wave equations 
According to Ref. [6], 1mF  is defined as the effective density of the soft medium 
surrounding the bubbles, the effective density of the effective medium may thus be 
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identified as 1(1 )m gF       . Since the dynamic nonlinearity of the medium 
associated with the finite amplitude of wave has been ignored, the wave equation of the 
effective medium may be written as follows: 
 
2
11 2
( )C
t
        
u
u u  ,  (4.22) 
We represent the displacement vector u  in terms of the sum of the potentials, as follows:  
   u Ψ , (4.23) 
for which the vector potential Ψ  satisfies 0  Ψ . 
Up to second order approximation, the scalar potential   may be written as  
 (1) (2) . .c c     , (4.24) 
where 
 (1) 1( , ) ( )exp( )t i t  r r , (2) 1( , ) ( )exp( 2 )t i t  r r . (4.25) 
Substitution of Eqs. (4.23) and (4.24) in Eq. (4.22) yields 
 
(1)2
(1) (1)2
11 2
C
t
     
  , 
(2)2
(2) (2)2
11 2
C
t
     
  , (4.26) 
 
2
2
2t
    
ΨΨ  . (4.27) 
As observed from Eq. (4.27), this equation takes on a non-resonant form and the influence of 
the existence of the bubbles on the propagation of the shear wave in a bubbly soft medium is 
insignificant. In the following we shall restrain our attention in the propagation of the 
compressional wave in such a medium. 
Substituting Eqs. (4.20), (4.21), and (4.25) in Eq. (4.26), we arrive at the equations that must 
be satisfied by the scalar potentials of the first and the second order, as follows: 
 2 211 1 1 11 1(1 ) 0gC V C      , (4.28a) 
    2 2(1)2 2 211 2 2 11 2 11 11 14 (1 )gC V C C V C         , (4.28b) 
Eqs. (4.28a) and (4.28b) give description of the the propagation of the fundamental and the 
second harmonics of the compressional wave in a bubbly soft medium, respectively. Note that 
Eq. (4.28) is derived on the basis of Eq. (4.22) which is expressed as a form of a linear order 
terms with nonlinear propagation parameters due to the nonlinear oscillation of bubbles. 
Consequently it is seen that Eq. (4.28b) takes a simple form without any quadratic term 
involved that represents the dynamic nonlinearity caused by the finite amplitude of wave. In 
the right hand side of this equation, however, a quadratic term appears that accounts for the 
transfer of acoustical energy from the fundamental to the second harmonic waves, which 
results from the strong physical nonlinearity that dominates for a bubbly medium. 
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4.2.3 One-dimensional case 
Now consider a one-dimensional case in which a plane longitudinal wave propagates along 
the 1xˆ  direction in a bubbly soft medium. For simplicity while without losing generality, we 
assume that all the bubbles are of the same equilibrium radius 0R . In such a case Eq. (4.25) 
becomes  
 (1) 1 1 1( , ) ( )exp( )x t x i t   , (2) 1 2 1( , ) ( )exp( 2 )x t x i t   . (4.29) 
Using the Kelvin-Voigt viscoelastic model, the Lamé coefficients of the soft viscoelastic 
medium may be rewritten as 
 m  , /m m t      . (4.30) 
Substitution of Eqs. (4.29) and (4.30) in Eq. (4.28) yields 
 
2
2 21
1 1 12
1
( ) 0g
d
V
dx
      , (4.31a) 
 
2
2 2 2 4 22
2 2 2 12
1
( 4 )g
d
V V
dx
           , (4.31b) 
where  2 21 ( 2 ) 2m m mi        , and  2 22 4 ( 2 ) 4m m mi        . 
We introduce the effective wave numbers defined as complex numbers that can be 
expressed in terms of real effective wave speeds and effective attenuations, as follows: 
2 2
1 1 1 1 1/gk V c i        , 2 22 2 2 2 24 2 /gk V c i        , 
where ik  refers to the effective wave numbers, ic  and i  refer to the (real) effective wave 
speed and the effective attenuation, respectively; and the subscripts i =1, 2 refer to the 
fundamental wave and the second harmonic wave, respectively. 
Assuming 1 1 1 1exp( )A ik x     , from Eq. (4.31a) one readily obtains the expressions of 1c  
and 1 , as follows: 
 
1 2
2 2
1 1 1
1 2
A A B
c
       
,  1 1 1 2B c  . (4.32) 
where the parameters of 2A , 2B , and C  are given as follows: 
2 2
2 1 1
1 2 2 2 2 2 2 3 2
1 1 1
2 ( )
( 2 ) 4 ( ) ( / )
m m
m m m m
Ne
A
R c
           
         
 , 
3
2 1 1 1
1 2 2 2 2 2 2 3 2
1 1 1
2 ( / )
( 2 ) 4 ( ) ( / )
m m
m m m m
Ne R c
B
R c
          
        
 . 
It is apparent that the solution of Eq. (4.31b) is supposed to consist of a general solution and 
a special solution. By invoking the boundary condition that the second harmonic wave 
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should be zero at the beginning, i.e., 
12 0
0x   , one can readily determine the expression of 
the second harmonic wave as follows: 
 22 1 2 2exp( ) exp( ) . .g AC ik x ik x c c          , (4.33) 
where  
 
1 2
2 2
2 2 2
2 2
A A B
c
       
,  2 2 2B c  . (4.34) 
where the parameters of 2A , 2B  and C  are given as follows: 
2 2
2 1 1
2 2 2 2 2 2 2 3 2
1 1 1
2 ( 4 )
( 2 ) 16 ( 4 ) (2 8 / )
m m
m m m m
Ne
A
R c
           
         
 , 
3
2 1 1 1
2 2 2 2 2 2 2 3 2
1 1 1
4 (2 8 / )
( 2 ) 16 ( 4 ) (2 8 / )
m m
m m m m
Ne R c
B
R c
          
        
 . 
  2 21 1 2 2 2 1 1 2 1 2( ) ( ) ( )C M N M N i M N M N N N     , 
where 
2 4 2 2 2 2
1 1 1 1 1 1 1 1 2( 3 )( ) 2M Ne G H A B A B         , 
2 4 2 2 2 2
2 1 1 1 2 1 1 1 1( ) 2 ( 3 )M Ne A B A B G H         , 
1 1 1 2 1 2 1( 4 ) ( 4 )N K A A L B B     , 
2 1 1 2 1 2 1( 4 ) ( 4 )N L A A K B B     , 
where 
2 2 2 2 2 3 2
1 1 1 1 1
2 2 3 3
1 1 1 1 1
( 4 ) ( ) ( / )
2( )( / )(2 8 / ),
m
m m
K R c
R c R c
     
     
      
   
 
2 2 2 3 2 3
1 1 1 1 1 1
2 2 2 2 3
1 1 1 1
( ) ( / ) (2 8 / )
2( 4 )( )( / ).
m m
m
L R c R c
R c
     
     
      
     
In practical, the nonlinearity parameter ( / )B A  is of particular significance that may be 
used to define the nonlinearity of the media. In the present study, therefore, we introduce 
an effective nonlinearity parameter ( / )eB A  to describe the extent to which the 
nonlinearity of a bubbly medium is enhanced by the nonlinear oscillation of bubbles. The 
value of ( / )eB A  may be determined near the natural frequency of bubble, as given 
below: [39] 
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3
1 24 (2 )( / ) 2m me
C c
B A
  

   
It is apparent that the expression of the effective nonlinearity parameter ( / )eB A  derived 
here is identical in form with the one obtained by Ma et al except that their approach only 
applies to a liquid containing shelled bubbles [39].  
Despite the similarity between the EMM and other methodologies which also investigate the 
wave propagation in inhomogeneities by treating the media as a homogeneous effective 
medium [40-45], the EMM definitely differs from them in several respects. It is a 
fundamental distinction that the EMM accounts for the nonlinearity of the bubbly soft 
medium up to a second-order approximation, whereas most of the previous ones only use 
linear approximation when homogenizing the medium [40-43], which inevitably loses 
significant details for bubbly soft media with particularly strong “physical” nonlinearity 
[3,4]. Second, the EMM permits one to take into consideration the effects of weak 
compressibility, surface tension, viscosity, surrounding pressure, and an encapsulating 
elastic shell, which can only be partially accounted for by other methods [44,45]. There are 
important practical reasons for pursuing more precise results in various engineering 
situations, for which the incorporation of these effects is apparently necessary. (For a 
detailed discussion on this topic and a comparison between the application of the EMM and 
some other methods in different cases serving as simple models of practical situations, see 
Ref. [12]) Finally, the EMM could apply to three-dimensional cases rather than one-
dimensional cases. Most of the relative studies investigate only the wave propagation in an 
infinite effective medium for which the one-dimensional approximation is sufficient, but it is 
indispensable to obtain the three-dimensional effective parameters for some practical 
structures of finite sizes.  
It must be stressed, however, that there also exist limitations of the application of the EMM 
despite its effectiveness. First, the multiple scattering effects have been neglected when we 
homogenizing the bubbly soft medium, therefore the EMM can not apply to bubbly media 
with extremely large volume fractions. Second, the EMM is developed under quadratic 
approximation by employing a simple perturbation approach, and the nonlinearity of 
medium is studied by inspecting the second harmonic wave with no harmonics of orders 
higher than 2 involved. Finally, the present model could not enable full incorporation of all 
the practical effects that affect the acoustical properties of a bubbly medium, such as the 
buckling of bubbles [46]. These problems will be the focus of a future study. 
5. Optimal acoustic attenuation of bubbly soft media 
In this section, we present an optimization method on the basis of fuzzy logic (FL) and genetic 
algorithm (GA) to obtain the optimal acoustic attenuation of a longitudinal wave in a bubbly 
soft medium by optimizing the parameters of size distribution of bubbles. This optimization 
method can be used to design acoustic absorbent with uniformly high acoustic attenuation 
within the frequency band of interest, without the precise mathematical model required.  
5.1 Acoustic attenuation in bubbly soft media 
The oscillation of an air bubble in a soft medium is special, due to the fact that only if the 
ratio ǌ/Ǎ is sufficiently large can this bubble behave effectively as a resonant oscillator [7]. 
When compared with the viscoelasticity of the medium, the resonance of the system 
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introduced by bubbles becomes the most dominant mechanism for acoustic attenuation [13]. 
For a bubbly soft medium, it is apparent that the acoustic properties are affected by all the 
structural parameters, of the bubbles and of the medium. By employing the EMM presented 
in Section 4, we can accurately predict the acoustic parameters of a bubbly soft medium for 
arbitrary structural parameters. In this situation, one may expect to enhance the acoustic 
attenuation of such a medium in an optimal manner with the aid of a fast computer. 
Consider the one-dimensional propagation of a longitudinal wave in an infinite bubbly soft 
medium with small volume fraction Φb. On condition that the bubbles are not very densely 
packed, the multiple scattering effects are negligible, and the acoustic properties of such a 
bubbly soft medium can be described by using the EMM.  
If all the bubbles are of uniform radius r0, the bubble volume fraction will be Φb=4ǑNb(r0)3/3 
with Nb being the number of bubbles per unit volume. When the bubble sizes are not 
uniformly distributed, the volume fraction is related to the distribution function n(r) of 
bubble sizes, as follows: 
 3b 04 ( ) / 3n r r dr
    (5.1) 
where n(r)dr is the number of bubbles per unit volume having a radius between r and r+dr. 
For simplicity, the bubbles in the soft medium are assumed to be free bubbles (no 
encapsulating shells), the effects of surface tension and the ambient pressure are neglected, 
and acoustic nonlinearity of the bubbly soft medium are not taken into account. Then the 
effective acoustic attenuation of longitudinal wave in the bubbly soft medium can be 
derived from Eq. (4.32), as follows:  
   1 221 1 1 1 1/2 / 4 ,A B B A          (5.2) 
where the parameters of A and B are given as follows: 
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, 
where ǒ0 is the mass density, Ǎv is the lossy factor given by the Kelvin-Voigt viscoelastic 
model, cl is the velocity of the longitudinal elastic wave. 
In general, the enhancement of acoustic attenuation is equivalent to regularly providing 
sufficient acoustic attenuation in the frequency range of interest. Due to the resonance of the 
system introduced by bubbles, the acoustic attenuations exhibit a remarkable enhancement 
effect near the bubble resonant frequencies, and there exist resonance peaks in the spectral 
domain [40]. We consider the acoustic attenuation caused by the oscillation of the bubbles, 
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and neglect the contribution of the viscosity to the acoustic attenuation. The resonance 
frequency can be decreased by reducing the shear modulus of the medium or enlarging 
bubbles, and the acoustic attenuation will be collectively enhanced as Φb increases [45]. 
However, it is impractical to unlimitedly increase the volume fraction and dimension of 
bubbles. The strength of the bubbly medium will be weakened if the bubbles are too densely 
packed or oversize, and oversize bubbles are not feasible for a practical medium of finite 
size. It is of interest to provide regularly high acoustic attenuation in targeted frequency 
range while minimizing the volume fraction and dimension of bubbles.  
To decrease the resonance location, it is more effective to reduce the shear modulus of the 
medium than to merely enlarge bubbles. Besides, the acoustic attenuation will also be 
enhanced as Φb remains constant while the shear modulus reduces [45]. Hence we choose 
silicone that has low shear modulus as the medium for which the mechanical parameters 
are: ǒ0=1000kg/m3, the velocity of the longitudinal and the shear elastic wave are 
cl=1700m/s and cs=20m/s, respectively [47]. The lossy factor is chosen as Ǎv=80P. On the 
other hand, it has been proved that the nonuniform distribution of bubble sizes has an 
averaging effect tends to increase the acoustic attenuation over a wider frequency range and 
result in a much broader resonance peak [40]. In what follows, therefore, distribution of 
bubble sizes is introduced and the probability density function of normal distribution is 
employed to describe the distribution function. Due to the peak-broadening effects of size 
distribution, together with the amplitude-enhancing effects of volume fraction, one may 
hope to obtain an optimal acoustic attenuation for a bubbly soft medium by choosing the 
structural parameters appropriately. This leads to the necessity of some optimization 
method. 
For such a problem with multiple adjustable parameters, a full-space search method will not 
be practical, and a global optimization method is expected to be effective [48]. The success of 
an optimization method depends to a great extent on the definition of a proper objective 
function. For such a problem, however, it may be difficult to mathematically create an 
appropriate objective function in traditional ways, since the ability of acoustic attenuation of 
a medium is usually evaluated qualitatively. With the purpose of avoiding such 
mathematical efforts, we will define the objective function by using FL that bases on 
decision rules rather than mathematical equations and describe linguistically the 
relationship between input and output [49,50], and use a GA that can locate the global 
optimum despite that the objective function is built without knowing its clear mathematical 
model [51-53].  
5.2 Numerical example 
In the following we will exemplify a numerical case for enhancing the acoustic attenuation 
of the bubbly soft medium in an optimal manner. As an example, we intend to obtain 
uniformly effective acoustic attenuation for longitudinal wave propagating within the 
bubbly soft medium, in a broad frequency range at intermediate frequencies. And the 
following requirement is proposed:  
1. The bubbly medium can attenuate longitudinal wave by no less than 10dB/cm, in a 
frequency range as broad as possible within the intermediate frequency range of [5KHz, 
800KHz].  
2. The wave at the frequency of 5KHz should be effectively attenuated.  
3. The acoustic attenuations in targeted frequency range must be uniform. 
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This quantitative requirement serves for the goal of the optimization. The effectiveness of 
optimization method will be eventually evaluated in terms of the extent to which the 
requirement is fulfilled. 
For a particular medium, the large and the small bubbles contribute to the acoustic 
attenuation at low and high frequencies, respectively. It is thus possible to increase acoustic 
attenuation at low frequencies as well as extend the width of resonance peak, by introducing 
the size distribution of large and small bubbles and tuning up their parameters properly. 
Then the distribution function n(r) is given as below: 
 1 2
( ) ( ),
( )
0, elsewhere
L Un r n r r r rn r
   
, (5.3) 
where rU (rL) refers to the radius of the largest (smallest) bubble in the medium, n1(r) and 
n2(r) refer to the number densities of large and small bubbles respectively, as follows: 
3 2
1 0 b 2 1 1 b1( ) ( / ) exp[ ( / 1) /(2 )] ,n r n R r r r r     22 0 2 b2( ) exp[ ( / 1) /(2 )] ,n r n r r     
where the value of Rb(r2/r1)3 represents the ratio of number density of large bubbles to small 
bubbles, rj and σbj (j=1,2) refers to the center and the width of size distribution, respectively. 
The value of n0 can be easily determined from the relationship given by Eq.(5.2). Now the 
bubble parameters are the only adjustable parameters affecting the acoustic attenuation of 
the bubbly medium, including Φb and the parameters of distribution function n(r). It is 
apparent that the objective function to be created is a multiple inputs problem and the input 
variables consist of all these adjustable parameters, i.e., Φb, rL,U, r1,2, Rb, σb1,2.  
It is obvious that the ability of acoustic attenuation of the bubbly medium mostly depends on 
the location and shape of the lowest resonance peak in spectral domain. To describe the 
location and width of this resonance peak, we introduce two parameters f0=fL and Wb=fU─fL 
defined as the lowest effective attenuation frequency and the effective attenuation bandwidth, 
respectively. Here fU (fL) is the upper (lower) limit of a frequency band within which acoustic 
attenuation of any frequency is more than a threshold value t  ( t =10dB/cm), and here does 
not exist a Lf  < Lf , such that Lf   satisfies the condition as well. And a standard deviation 
function Σ is introduced to scale the degree of regularity of attenuation, as follows:  
 21[ ( ) ] /( )
U
L
f
t U Lf
f df f f     ,  (5.5) 
where 1( )f   refers to acoustic attenuation at the frequency of f. It is apparent that the 
introduced parameters f0, Wb and Σ can be easily obtained from the acoustic attenuation 
predicted by EMM and describe quantitatively the characteristic of the lowest resonance 
peak in spectral domain.  
By using FL, we set up a fuzzy inference system (FIS), for which the parameters f0, Wb and Σ 
are chosen as the input parameters and the explicit output is defined as s (0≤s≤100).  
There are three membership functions for 0f : “low”, “intermediate” and “high”. And there 
are three membership functions for bW  as well: “narrow”, “average” and “broad”. Similarly 
Σ consists of three conditions of degree of deviation denoted by “small”, “ordinary” and 
“large”. The membership functions of the inputs are built on a simple Gaussian curve due to 
its smoothness in varying. 
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Three inputs are captured consisting of 0f , bW  and  , and the fuzzy relation between the 
fuzzy inputs and the required output s are shown by the following inference rules:  
Rules 1: If ( 0f  is “high”) or ( bW  is “narrow”) and ( is “large”) then ( s is “bad”) 
Rules 2: If ( 0f  is “intermediate”) and ( bW  is “average”) and (  is “ordinary”) then ( s is 
“mediocre”) 
Rules 3: If ( 0f  is “low”) and ( bW  is “average”) and (  is “ordinary”) then (s is “good”) 
Rules 4: If ( 0f  is “intermediate”) and ( bW  is “broad”) and (  is “ordinary”) then (s is 
“good”) 
Rules 5: If ( 0f  is “intermediate”) and ( bW  is “average”) and (  is “small”) then (s is 
“good”) 
Rules 6: If ( 0f  is “intermediate”) and ( bW  is “broad”) and (  is “small”) then (s is “very 
good”) 
Rules 7: If ( 0f  is “low”) and ( bW  is “average”) and (  is “small”) then (s is “very good”) 
Rules 7: If ( 0f  is “low”) and ( bW  is “broad”) and (  is “ordinary”) then (s is “very good”) 
Rules 8: If ( 0f  is “low”) and ( bW  is “broad”) and (  is “small”) then (s is “excellent”) 
The above inference rules relate these inputs to the output s consisting of five membership 
functions: “bad”, “mediocre”, “good”, “very good”, “excellent”. The triangular membership 
function is adopted because this membership representation shows boundary clearly. 
It is apparent that the mapping of the multiple input parameters (f0, Wb and Σ) to the output 
s can be conveniently constructed, by defining the fuzzy rules as a set of linguistic rules 
according to the aforementioned requirement, without knowing the clear mathematical 
model. Then the value of output s gives a quantitative description of the extent to which the 
qualitative requirement is met. A bubbly soft medium of better acoustic attenuation will 
correspond to an output of larger value. With the aid of the FIS, we readily define an 
objective function corresponding to this nine-input, one-output problem. Mathematically 
speaking, this objective function based on FL may not be completely precise, and the clear 
mathematical model is not visible. But it is readily guaranteed that the acoustic attenuation 
ability of a bubbly soft medium is evaluated strictly by the decision rules, which is the 
unique advantage of FL for such a problem. 
By defining an objective function for mapping the multiple inputs properly to a clear 
output, the optimal enhancement of acoustic attenuation ability amounts to an optimization 
problem of generating a maximal output by tuning up the inputs. Such an optimization is 
performed by employing GA optimizer. The objective function and the output s are 
regarded as the fitness function and the fitness, respectively. The nine input variables are 
encoded as the chromosome. GA optimizer searches for the optimum of fitness function by 
adjusting the bubble parameters and seeking the most proper proportion. To guarantee the 
physical feasibility, a set of constraints of the variables are applied, as follows:  
b0 5%   , 1 210 m 2mmL Ur r r r      , b0 10R  , b1 b20 , 1   . 
In the process of GA optimization, the number of population and maximal number of 
generation are chosen as 80 and 500, respectively, the crossover and mutation ratio are set to 
0.8 and 0.05, respectively [53].  
As a result, the bubbly silicone with optimized structural parameters has a value of fitness 
as high as 99.2. Correspondingly, the lower and upper limits of the effective attenuation 
band are fL≈5KHz and fU≈800KHz, respectively. Then one has f0≈5KHz and Wb≈795KHz. The 
optimal acoustic attenuation versus frequency is plotted in Fig. 5.1. Figure 5.2 displays the 
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corresponding size distribution function n(r). The numerical result shows that the goal of 
optimization is attained perfectly, which is indicated numerically by the fitness and 
illustrated graphically in Fig. 5.1. The bubbly medium with optimized structural parameters 
can effectively attenuate longitudinal waves in an intermediate frequency range of [5KHz, 
800KHz] with an acoustic attenuation approximating a constant value of 10(dB/cm). As 
shown by the results of the optimization process, such a bubbly medium may be applied to 
design broadband acoustic absorbent at intermediate frequencies with high efficiency. 
Compared with acoustic absorbent designed by using traditional method, the acoustic 
absorbent designed by using the present optimization method has broader attenuation band 
and higher efficiency. Moreover, the width and the location of its attenuation band may be 
conveniently controlled due to the adjustability of the objective function and the optimizer. 
 
 
Fig. 5.1. Optimal acoustic attenuation   versus frequency for the bubbly silicone. 
To study the necessity and efficiency of the optimization method, we also consider other 
three cases with no optimization applied. The structural parameters of these four cases are 
listed in Table I and the comparison of attenuation curves are displayed in Fig. 5.3. 
Observation of Fig. 5.3 and Table 5.1 shows that: (1) Case 4 has a better acoustic attenuation 
and a higher value of fitness than any of the other cases, which means that the relative 
values of fitness describe effectively the acoustic attenuation of the bubbly medium in 
accord with the requirement. (2) Size distribution effect helps to ameliorate the acoustic 
attenuation, which is proved by comparing case 3 with cases 1 and 2. But the comparison 
between cases 3 and 4 shows that optimal acoustic attenuation can not be guaranteed by size 
distribution with random parameters. (3) The optimization method is efficient and essential 
in enhancing the acoustic attenuation of the bubbly medium. 
 
Case Φb (%) rL(Ǎm) rU(mm) r1(mm) r2(Ǎm) Rb σb1 σb2 s 
1 1.4 1.7 1.7      39.6 
2 1.4 23 23      41.2 
3 0.5 40 1.1 0.5 200 0.08 0.4 0.1 63.6 
4 1.4 17 1.8 1.7 23 1.2 0.7 0.5 99.2 
Table 5.1 The structural parameters of the four different cases. 
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Fig. 5.2. Number densities of large (a) and small (b) bubbles in the bubbly silicone with 
optimal acoustic attenuation. 
 
 
Fig. 5.3. Comparison of acoustic attenuations versus frequency for the four different cases. 
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6. Conclusions 
In this chapter, we first consider the acoustic propagation in a finite sample of bubbly soft 
elastic medium and solve the wave field rigorously by incorporating all multiple scattering 
effects. The energy converted into shear wave is numerically proved negligible as the 
longitudinal wave is scattered by the bubbles. Under proper conditions, the acoustic 
localization can be achieved in such a class of media in a range of frequency slightly above 
the resonance frequency. Based on the analysis of the spatial correlation characteristic of the 
wave field, we present a method that helps to discern the phenomenon of localization in a 
unique manner. Then we taken into consideration the effect of viscosity of the soft medium 
and investigate the localization in a bubbly soft medium by inspecting the oscillation phases 
of the bubble. The proper analysis of the oscillation phases of bubbles is proved to be a valid 
approach to identify the existence of acoustic localization in such a medium in the presence 
of viscosity, which reveals the existence of the significant phenomenon of phase transition 
characterized by an unusual collective behavior of the phases.  
For infinite sample of bubbly soft medium, we present an EMM which enables the 
investigation of the strong nonlinearity of such a medium and accounts for the effects of 
weak compressibility, viscosity, surrounding pressure, surface tension, and encapsulating 
shells. Based on the modified equation of bubble oscillation, the linear and the nonlinear 
wave equations are derived and solved for a simplified 1-D case. Based on the EMM which 
can be used to conveniently obtain the acoustic parameters of bubbly soft media with 
arbitrary structural parameters, we present an optimization method for enhancing the 
acoustic attenuation of such media in an optimal manner, by applying FL and GA together. 
A numerical simulation is presented to manifest the necessity and efficiency of the 
optimization method. This optimization method is of potential application to a variety of 
situations once the objective function and optimizer are adjusted accordingly. 
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